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CN-Smorodinsky-Winternitz system in a constant magnetic field
Hovhannes Shmavonyan1, ∗
1Yerevan Physics Institute, 2 Alikhanian Brothers St., Yerevan 0036 Armenia
We propose the superintegrable generalization of Smorodinsky-Winternitz system on the N-
dimensional complex Euclidian space which is specified by the presence of constant magnetic field.
We find out that in addition to 2N Liouville integrals the system has additional functionally inde-
pendent constants of motion, and compute their symmetry algebra. We perform the Kustaanheimo-
Stiefel transformation of C2- Smorodinsky-Winternitz system to the (three-dimensional) generalized
MICZ-Kepler problem and find the symmetry algebra of the latter one. We observe that constant
magnetic field appearing in the initial system has no qualitative impact on the resulting system.
I. INTRODUCTION
N -dimensional mechanical system will be called integrable if it has N mutually commuting and functionally inde-
pendent constants of motion. In addition to these constants of motion the system can have additional ones. In that
case we will say that the system is superintegrable. Particularly if N -dimensional mechanical system has 2N−1 func-
tionally independent constants of motion it will be called maximally superintegrable. The one-dimensional singular
oscillator is a textbook example of a system which is exactly solvable both on classical and quantum levels.The sum
of its N copies, i.e. N -dimensional singular isotropic oscillator is, obviously, exactly solvable as well. It is given by
the Hamiltonian
H =
N∑
i=1
Ii, with Ii =
p2i
2
+
g2i
2x2i
+
ω2x2i
2
, {pi, xj} = δij , {pi, pj} = {xi, xj} = 0 (1)
It is not obvious that in addition to Liouville Integrals Ii this system possesses supplementary series of constants
of motion, and is respectively, maximally superintegrable, i.e. possesses 2N − 1 functionally independent constants
of motion. All these constants of motion are of the second order on momenta, which guarantee the separability
of variables in few coordinate systems and cause degeneracy of the energy spectrum in quantum level. It seems
that this was first noticed by Smorodinsky and Winternitz, who then investigated superintegrability properties of
this system in great detail [1–3]. For this reason this model is sometimes called Smorodinsky-Winternitz system
and we will use this name as well. For sure, such a simple and internally rich system would attract wide attention
in the community of mathematical and theoretical physics, and that is one of the main reasons why there are so
many publications devoted to its study and further generalizations. Besides the above-mentioned publications, we
should as well mention the references [4–12](see the recent PhD thesis on this subject with expanded list of references
[13]). Notice also that Smorodinsky-Winternitz system is a simplest case of the generalized Calogero model(with
oscillator potential) associated with an arbitrary Coxeter root system [14]. Thus, one hopes that observations done
in this simple model could be somehow extended to the Calogero models. There is a well-known superintegrable
generalization of the oscillator to sphere, which is known as Higgs oscillator[15, 16] Smorodinsky-Winternitz model
admits superintegrable generalization of the sphere as well [17]. Though it was first suggested by Rosochatius in XIX
century (without noticing its superintegrability) [20], it was later rediscovered by many other authors as well (e.g.
[18, 19]) . Superintegrable generalization of Calogero model on the sphere also exists [21–23].
In this paper we consider simple generalization of the Smorodinsky-Winternitz system interacting with constant
magnetic field. It is defined on the N -dimensional complex Euclidian space parameterized by the coordinates za by
the Hamiltonian
H =
N∑
a=1
(
πaπ¯a +
g2a
zaz¯a
+ ω2zaz¯a
)
, with {πa, zb} = δab, {πa, π¯b} = ıBδab (2)
The (complex) momenta πa have nonzero Poisson brackets due to the presence of magnetic field with magnitude B
[24, 25]. We will refer this model as CN -Smorodinsky-Winternitz system. For sure, in the absence of magnetic field
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2this model could be easily reduced to the conventional Smorodinsky-Winternitz model, but the presence of magnetic
field could have nontrivial impact which will be studied in this paper. So, our main goal is to investigate the whole
symmetry algebra of this system. Notice that this is not only for academic interest: the matter is that C1-Smorodinsky-
Winternitz system is a popular model for the qualitative study of the so-called quantum ring [26–28], and the study
of its behaviour in external magnetic field is quite a natural task. Respectively, CN -Smorodinsky-Winternitz could be
viewed as an ensemble of N quantum rings interacting with external magnetic field. So investigation of its symmetry
algebra is of the physical importance.
It is well-known for many years that the energy surface of two-/three-/five-dimensional Coulomb system
could be transformed to those of two-/four-/eight-dimensional oscillator by the use of so-called Levi-Civita-
Bohlin/Kustaanheimo-Stiefel/Hurwitz transformation [29–31]. More generally, reducing the two-/four-/eight-
dimensional oscillator (-like) models by the action of Z2/U(1)/SU(2) group action, we can get the two-/three-/five-
dimensional Coulomb-like systems specified by the presence of (Z2/Dirac/Yang)monopole [32]. Since C
2-Smorodinsky-
Winternitz system is manifestly invariant with respect to U(1) group action, we can perform its Kustaanheimo-Stiefel
transformation, in order to obtain three-dimensional Coulomb-like system. It was done about ten years ago [39],
but in the absence of magnetic field in initial system. Repeating this transformation for the system with constant
magnetic field we get unexpected result: it has no qualitative impact in the resulting system, which was referred in
[40] as ”generalized MICZ-Kepler system”[36–38]. In addition, we obtain, in this way, the explicit expression of its
symmetry generators and their symmetry algebra, which as far as we know was not constructed before.
We already mentioned that both oscillator and Smorodinsky-Winternitz system admit superintegrable generaliza-
tions to the spheres. On the other hand the isotropic oscillator on CN admits the superintegrable generalization
on the complex projective space, moreover, the inclusion of constant magnetic field preserves all symmetries of that
system [42, 43]. It will be shown that introduction of a constant magnetic field doesn’t change these properties of the
CN -Smorodinsky-Winternitz system. Thus, presented model could be viewed as a first step towards the construction
of the analog of Smorodinsky-Winternitz system on CPN .
The paper is organized as follows.
In the Section 2 we review the main properties of the conventional (RN -)Smorodinsky-Winternitz system, presenting
explicit expressions of its symmetry generators, as well as wavefunctions and Energy spectrum. We also present
symmetry algebra in a very simple, and seemingly new form via redefinition of symmetry generators.
In the Section 3 we present CN -Smorodinsky-Winternitz system in a constant magnetic field, find the explicit
expressions of its constants of motion. We compute their algebra and find that it is independent from the magnitude
of constant magnetic field. Then we quantize a system and obtain wavefunctions and energy spectrum. We notice
that the CN -Smorodinsky-Winternitz system has the same degree of degeneracy as RN - one, due to the lost part of
additional symmetry.
In the Section 4 we perform Kustaanheimo-Stieffel transformation of the C2-Smorodinsky-Winternitz system in
constant magnetic field and obtain, in this way, the so-called “generalized MICZ-Kepler system”. We find that
constant magnetic field appearing in the initial system, does not lead to any changes in the resulting one.
In the Section 5 we discuss the obtained results and possibilites of furthur generalizations. Possible extensions
of discussed system include supersymmetrization and quaternionic generalization as well as generalization of these
systems in curved background.
II. SMORODINSKY-WINTERNITZ SYSTEM ON RN
Smorodinsky-Winternitz system is defined as a sum of N copies of one-dimensional singular oscillators (1), each of
them defined by generators Ii which obviously form its Liouville integrals {Ii, Ij} = 0. About fifty years ago it was
noticed that this system possesses additional set of constants of motion given by the expressions [1]
Iij = LijLji −
g2i x
2
j
x2i
− g
2
jx
2
i
x2j
, {Iij , H} = 0, (3)
where Lij are the generators of SO(N) algebra,
Lij = pixj − pjxi : {Lij , Lkl} = δikLjl + δjlLik − δilLjk − δjkLil. (4)
The generators Iij provides additional N − 1 functionally independent constants of motions and so this system is
maximally superintegrable. These generators define highly nonlinear symmetry algebra,
{Ii, Ijk} = δijSik − δikSij , {Iij , Ikl} = δjkTijl + δikTjkl − δjlTikl − δilTijk (5)
3where
S2ij = −16(IiIjIij + I2i g2j − I2j g2i +
ω2
4
I2ij − g2i g2jω2), T 2ijk = −16(IijIjkIik + g2kI2ij + g2j I2ik + g2i I2jk − 4g2i g2j g2k). (6)
The generators S2ij and T
2
ijk are of the sixth-order in momenta and antisymmetric over i, j, k indices. The above
symmetry algebra could be written in a compact form if we introduce the notation
Mij = Iij , M0i = Ii, Mii = g
2
i , M00 =
ω2
4
, Rijk = Tijk, Rij0 = Sij . (7)
Then one can introduce capital letters which will take values from 0 to N . It is worth to mention that MIJ is
symmetric, whereas RIJK is antisymmetric with respect to all indices. In this terms the whole symmetry algebra of
Smorodinsky-Winternitz system reads
{MIJ ,MKL} = δJKRIJL + δIKRJKL − δJLRIKL − δILRIJK (8)
where
R2IJK = −16(MIJMJKMIK +M2IJMKK +M2IKMJJ +M2KLMII − 4MIIMJJMKK) (9)
One important fact should be mentioned, although in this algebra on the right side we have sum of many terms
(square roots), only one term always survives, since in case of three indices are equal, the result is automatically
0. Consequently in this algebra we always have one square root on the right hand side. Quantum-mechanically the
maximal superintegrability is reflected in the dependence of its energy spectrum on the single,“principal” quantum
number only. Having in mind that in Cartesian coordinates the system decouples to the set of one-dimensional
singular oscillators, we can immediately extract the expressions for its wavefunctions and spectrum from the standard
textbooks on quantum mechanics, e.g. [44],
En|ω = ~ω
(
2n+ 1 +
N∑
i=1
√
1
4
+
g2i
~2
)
, Ψ =
N∏
i=1
ψ(xi, ni), n =
N∑
i=1
ni (10)
where
ψ(xi, ni) = F
(
− ni, 1 +
√
1
4
+
g2i
~2
,
ωx2i
~
)(ωx2i
~
) 1+√1+4g2i /~2
4
e−
ωx2i
2~ (11)
Here F is the hypergeometric function. With these expressions at hands we are ready to study Smorodinsky-Winternitz
system on complex Euclidean space in the presence of constant magnetic field.
III. CN-SMORODINSKY-WINTERNITZ SYSTEM
Now let us study 2N -dimensional analog of Smorodinsky-Winternitz system interacting with constant magnetic
field. It is defined by (2) and could be viewed as an analog of Smorodinsky-Winternitz system on complex Euclidian
space
(
C
N , ds2 =
∑N
a=1 dz
adz¯a
)
. Thus, we will refer it as CN -Smorodinsky-Winternitz system. The analog of SW-
system which respects the inclusion of constant magnetic field is defined as follows,
H =
∑
a
Ia, Ia = πaπ¯a +
g2a
zaz¯a
+ ω2zaz¯a , (12)
where za, πa are complex (phase space) variables with the following non-zero Poisson bracket relations
{πa, zb} = δab, {π¯a, z¯b} = δab, {πa, π¯b} = ıBδab. (13)
For sure, it can be interpreted as a sum of N two-dimensional singular oscillators interacting with constant magnetic
field perpendicular to the plane. It is obvious that in addition to N commuting constants of motion Ia this system
has another set of N constants of motion defining manifest (U(1))N symmetries of the system
Laa¯ = ı(πaz
a − π¯az¯a)−Bzaz¯a : {Laa¯,H} = 0 (14)
4and supplementary, non-obvious, set of constants of motion defined in complete analogy with those of conventional
Smorodinsky-Winternitz system:
Iab = Lab¯Lba¯ +
(g2azbz¯b
zaz¯a
+
g2bz
az¯a
zbz¯b
)
, {Iab,H} = 0, a 6= b (15)
with Lab¯ being generators of SU(N) algebra
Lab¯ = ı(πaz
b − π¯bz¯a)−Bz¯azb : {Lab¯, Lcd¯} = iδad¯Lcb¯ − iδcb¯Lcd¯. (16)
These symmetry generators, and Ia obviously commute with Laa¯ due to manifest U(1)
N symmetry
{Laa¯, Ib} = {Laa¯, Ibc} = {Laa¯, Lbb¯} = {Ia, Ib} = 0 (17)
The rest Poisson brackets between them are highly nontrivial
{Ia, Ibc} = δabSac − δacSab, {Iab, Icd} = δbcTabd + δacTbcd − δbdTacd − δadTabc, (18)
where
S2ab = 4IabIaIb − (Laa¯Ib + Lbb¯Ia)2 − 4g2aI2b − 4g2bI2a − 4ω2Iab(Iab − Laa¯Lbb¯) + 4ω2g2bL2aa¯ + 4g2aω2L2bb¯ + 16g2ag2bω2
− 2B(Iab − Laa¯Lbb¯)(Laa¯Ib + Lbb¯Ia)−B2(Iab − Laa¯Lbb¯)2 + 4B(g2bIaLaa¯ + g2aIbLbb¯) + 4B2g2ag2b (19)
T 2abc = 2(Iab − Laa¯Lbb¯)(Ibc − Lbb¯Lcc¯)(Iac − Laa¯Lcc¯) + 2IabIacIbc + L2aa¯L2bb¯L2cc¯ − (I2bcL2aa¯ + I2abL2cc¯ + I2acL2bb¯)
−4(g2cIab(Iab−Laa¯Lbb¯)+g2aIbc(Ibc−Lbb¯Lcc¯)+g2bIac(Iac−Laa¯Lcc¯))+4g2bg2cL2aa¯+4g2ag2cL2bb¯+4g2ag2bL2cc¯+16g2ag2bg2c (20)
To write the symmetry algebra in a simpler form we can redefine the generators
Maa = L
2
aa¯ + 4g
2
a, Mab = Iab −
1
2
Laa¯Lbb¯, Ma0 = Ia −
B
2
Laa¯, M00 = 4ω
2 +B2. (21)
Since Laa¯ commute with all other generators Poisson brackets of M will exactly coincide with the Poisson brackets
of Iab and Ia. Similarly the R tensor is defined as in the real case. So the algebra will have the following form
{Mab,Mcd} = δbcTabd + δacTbcd − δbdTacd − δadTabc, {Ma0,Mab} = δabSac − δacSab. (22)
where
S2ab = 4MabMa0Mb0 +
(
ω2 +
B2
4
)
(MaaMbb − 4M2ab)−M2b0Maa −M2a0Mbb (23)
T 2abc = 4MabMbcMac −M2abMcc −M2acMbb −M2bcMaa +
1
4
MaaMbbMcc (24)
Needless to say that Laa¯ commute with all the other constants of motion. Finally the full symmetry algebra then
reads
{MAB,MCD} = δBCRABD + δACRBCD − δBDRACD − δADRABC (25)
where
R2ABC = 4MABMBCMAC −M2ABMCC −M2ACMBB −M2BCMAA +
1
4
MAAMBBMCC (26)
Again capital letters take values from 0 toN . In the complex caseRABC andMAB are again respectively antisymmetric
and symmetric as in the real case. Up to multiplication by a constant this has the same form as the symmetry algebra
for the real case.
Let us briefly discuss the number of conserved quantities. We have N real functionally independent constants of
motion (Ia). Moreover let us mention that Iab is also real, and although it has N(N−1)/2 components, the number of
functionally independent constants of motion is N − 1. In addition to this, the complex system has N real conserved
quantities (Laa¯). So the total number of constants of motion is 3N − 1 and it is superintegrable (but not maximally
superintegrable). Escpecially if N = 1 the system is integrable. For N = 2 the system is superintegrable, but it has
only one additional constant of motion. In this case the system is called minimally superintegrable.
5Quantization
Quantization will be done using the fact that CN -Smorodinsky-Winternitz system is a sum of two dimensional
singular oscillators. This allows to write the wave function as a product of N wave functions and total energy of the
system as a sum of the energies of its subsystems. So the initial problem reduces to two-dimensional one.
IˆaΨa(za, z¯a) = EaΨa(za, z¯a), HˆΨtot = EtotΨtot, Ψtot =
N∏
a=1
Ψa(za, z¯a), Etot =
N∑
a
Ea. (27)
After this reduction, complex indices can be temporarily dropped. Now it is obvious to introduce the momenta
operators and commutation relations, which will have the following form in the presence of constant magnetic field.
πˆ = −ı(~∂ + B
2
z¯), ˆ¯π = −ı(~∂¯ − B
2
z) [π, π¯] = ~B, [π, z] = −ı~ (28)
Schro¨dinger equation can be written down[
− ~2∂∂¯ +
(
ω2 +
B2
4
)
zz¯ − ~B
2
(z¯∂¯ − ∂z) + g
2
zz¯
]
Ψ(z, z¯) = EΨ(z, z¯). (29)
Even in this two-dimensional system additional separation of variables can be done if one writes this system in a polar
coordinates using the fact that z = r√
2
eiφ.
[ ∂2
∂r2
+
1
r
∂
∂r
+
2
~2
(
E +
~
2
2r2
∂2
∂φ2
− 2g
2
r2
− 1
2
(
ω2 +
B2
4
)
r2 +
ıB~
2
∂
∂φ
)]
Ψ(r, φ) = 0. (30)
Further separation of variables can be done and one can use the fact that L is a constant of motion.
Ψ(r, φ) = R(r)Φ(φ), LˆΦ = ~mΦ. (31)
Using the explicit form of the U(1) generator, normalized solution can be written
Lˆ = −ı~ ∂
∂φ
, Φ(φ) =
1√
2π
eımφ. (32)
This result allows to write the equation (30) in the following form
[ d2
dr2
+
1
r
d
dr
+
2
~2
(
E − ~
2m2
2r2
− 2g
2
r2
− 1
2
(
ω2 +
B2
4
)
r2 − B~m
2
)]
R(r) = 0. (33)
Solution of this kind of Schro¨dinger equation can be written down. The final result for the wave functions of two-
dimensional system and the energy spectrum are as follows
ψ(z, z¯, n,m) =
Cn,m√
2π
(
√
z/z¯)mF
(
− n,
√
m2 +
4g2
~2
+ 1,
2
√
ω2 + B
2
4
~
zz¯
)(2√ω2 + B2
4
~
zz¯
)1/2√m2+ 4g2
~2
e−
2
√
ω2+B
2
4
~
zz¯
(34)
E = ~
√
ω2 +
B2
4
(
2n+ 1 +
√
m2 +
4g2
~2
)
+
B~m
2
(35)
Finally the indices of CN can be recovered. The total wave function is a product of the wavefunctions and the total
energy is the sum of the energies of two-dimensional subsystems
Ψ(z, z¯) =
N∏
a=1
ψ(za, z¯a, na,ma) (36)
Etot =
N∑
a=1
Ena,ma = ~
√
ω2 +
B2
4
(
2n+N +
N∑
a=1
√
m2a +
4g2a
~2
)
+
B~
2
N∑
a=1
ma, (37)
n =
N∑
a=1
na, n = 0, 1, 2... ma = 0,±1,±2, ... (38)
In contrast to the real case the energy spectrum of the CN -Smorodinky-Winternitz system depends on N+1 quantum
numbers, namely n and ma .
6IV. KUSTAANHEIMO-STIEFEL TRANSFORMATION
There is a well-known procedure reducing two-/four-/eight-dimensional oscillator to the two-/three-/five-
dimensional Coulomb system. It is related with the Hopf maps and assumes the reduction by Z2 − /U(1)− /SU(2)−
group action. In general case it results in the Coulomb like systems specified by the presence of Z2-/Dirac-/Yang-
monopole[32–35]. Since CN -Smorodinsky-Winternitz system has manifest U(1) invariance, we could apply its re-
spective reduction procedure related with first Hopf map S3/S1 = S2, which is known as Kustaanheimo-Stieffel
transformation, for the particular case of N = 2. Such a reduction was performed decade ago [39] and was found to
be resulted in the so-called “generalized MICZ-Kepler problem” suggested by Mardoyan a bit earlier [40, 41]. How-
ever the initial system was considered, it was not specified by the presence of constant magnetic field, furthermore,
the symmetry algebra of the reduced system was not obtained there. Hence, it is at least deductive to perform
Kustaanheimo-Stiefel transformation to the C2-Smorodinsky-Winternitz system with constant magnetic field in order
to find its impact (appearing in the initial system) in the resulting one. Furthermore, it is natural way to find the
constants of motion of the “generalized MICZ-Kepler system” and construct their algebra.
So, let us perform the reduction of C2-Smorodinsky-Winternitz system by the U(1)-group action given by the
generator
J0 = L11 + L22 = ı(zπ − z¯π¯)−Bzz¯ (39)
For this purpose we have to choose six independent functions of initial phase space variables which commute with
that generators,
qk = zσkz¯, pk =
zσkπ + π¯σkz¯
2zz¯
, k = 1, 2, 3 (40)
where σk are standard 2 × 2 Pauli matrices. Matrix indices are dropped here. This transformation is called
Kustaanheimo-Stiefel transformation. Then we calculate their Poisson brackets and fix the value of U(1)- gener-
ator J0 = 2s. As a result, we get the reduced Poisson brackets
{qk, ql} = 0, {pk, ql} = δkl, {pk, pl} = sǫklm qm|q|3 (41)
Expressing the Hamiltonian via qi, pi, J0 and fixing the value of the latter one, we get
HSW = 2|q|
[p2
2
+
s2
2|q|2 +
Bs
2|q| +
1
2
(B2
4
+ ω2
)
+
g21
|q|(|q|+ q3) +
g22
|q|(|q| − q3)
]
(42)
So, we reduced the C2-Smorodinsky-Winternitz Hamiltonian to the three-dimensional system. To get the Coulomb-
like system we fix the energy surface or reduced Hamiltonian, HSW −ESW = 0 and divide it on 2|q|. This yields the
equation
HgMICZ − E = 0, with E ≡ −ω
2 +B2/4
2
(43)
and
HgMICZ = p
2
2
+
s2
2|q|2 +
g21
|q|(|q|+ q3) +
g22
|q|(|q| − q3) −
γ
|q| with γ ≡
ESW −Bs
2
. (44)
The latter expression defines the Hamiltonian of “generalized MICZ-Kepler problem”. Hence, we transformed the
energy surface of the reduced C2-Smorodinsky-Winternitz Hamiltonian to those of (three-dimensional) “Generalized
MICZ-Kepler system”. Additionally it has an inverse square potential and this system has an interaction with a Dirac
monopole magnetic field which affects the symplectic structure.
Surprisingly, the reduced system contains interaction with Dirac monopole field only, i.e. the constant magnetic
field in the original system does not contribute in the reduced one. All dependence on B is hidden in s and γ, which
are fixed, so the reduced system does not depend on B explicitly.
Now this reduction can be done for constants of motion. Before doing that it is convenient to present the initial
generators of u(2) algebra given by (16) in the form
J0 = i(zπ − z¯π¯)−Bzz¯, Jk = i
2
(zσkπ − π¯σkz¯)− Bzσkz¯
2
: {J0, Ji} = 0, {Ji, Jj} = εijkJk. (45)
7After reduction we get J0 = 2s. After the reduction, the rest su(2) generators result in the generators of the
so(3) rotations of three-dimensional Euclidian space with the Dirac monopole placed in the beginning of Cartesian
coordinate frame,
Jk = ǫklmplqm − s qk|q| (46)
Then the symmetry generators for the “generalized MICZ-Kepler system” can be written down,
I = I1 − I2
2
+
B
4
(L22 − L11) = p1J2 − p2J1 + x3γ
r
+
g21(r − x3)
r(r + x3)
− g
2
2(r + x3)
r(r − x3) (47)
L = 1
2
(L22 − L11) = J3 = p1q2 − q1p2 − sq3|q| , J = I12 = J
2
1 + J
2
2 +
g21(r − q3)
r + q3
+
g22(r + q3)
r − q3 . (48)
It is important to notice that I is a generalization of the z-component of the Runge-Lenz vector.
The relation of the initial system and the reduced one will allow to find the symmetry algebra of the final system
using the previously obtained result for the complex Smorodinsky-Winternitz system. First of all the constants of
motion in the initial system will also commute with the reduced Hamiltonian.
{HgMICZ , I} = {HgMICZ ,J } = {HgMICZ ,L} = 0 (49)
Moreover, since in the initial system Laa¯ generators commute with all the other constants of motion one can write.
{L,J } = {L, I} = 0 (50)
There is only one non-trivial commutator
{I,J } = S (51)
S here coincides with S12 of C
2-Smorodinsky-Winternitz system and can be written using the generators of the
reduced system.
S2 = 2HgMICZ
[
4
(
J + 1
2
(
L2 − s2
))2
−
(
4g22 + (L+ s)2
)(
4g21 + (L − s)2
)]
−
(
4g22 + (L+ s)2
)(
I + γ
)2
−
(
4g21 + (L − s)2
)(
I − γ
)2
− 4
(
J + 1
2
(L2 − s2)
)(
I − γ
)(
I + γ
)
(52)
There is a crucial fact that should be mentioned. Although the initial system had an interaction with magnetic field,
after reduction we don’t have any dependence on B both in symplectic structure and in generators of the symmetry
algebra, at least in classical level. In other words, the reduced system does not feel the magnetic field of the initial
system.
V. DISCUSSION AND OUTLOOK
In this paper we formulated the analog of the Smorodinksy-Winternitz system interacting with a constant magnetic
field on theN -dimensional complex Euclidian space CN . We found out it has 3N−1 functionally independent constants
of motion and derived the symmetry algebra of this system. Quantization of these systems is also discussed. While for
the real Smorodinsky-Winternitz system energy spectrum is totally degenerate and depends on single (”principal”)
quantum number, the CN -Smorodinsky-Winternitz energy spectrum depends on N + 1 quantum numbers. Then we
performed Kustaanheimo-Stiefel transformation of the C2-Smorodinsky-Winternitz system and reduced it to the so-
called ”generalized MICZ-Kepler problem”. We obtained the symmetry algebra of the latter system using the result
obtained for the initial ones. Moreover, we have shown that the presence of constant magnetic field in the initial
problem does not affect the reduced system.
There are several generalizations one can perform for this system. Straightforward task is the construction of a
quaternionic (HN -) analog of this system. While complex structure allows to introduce constant magnetic field without
violating the superintegrability, quaternionic structure should allow to introduce interaction with SU(2) instanton.
It seems that one can also introduce the superintegrable analogs of the CN -/HN -Smorodinsky-Winternitz systems
on the complex/quaternionic projective space CPN/HPN , having in mind the existence of such generalization for the
C
N -/(HN -) oscillator [42, 45]. We expect that the inclusion of a constant magnetic/instanton field does not cause any
qualitative changes for this system. These generalizations will be discussed later on.
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